We determine the characteristic of dissipative quantum transport in a coupled qubit network in the presence of on-site and off-diagonal external driving. The work is motivated by the dephasingassisted quantum transport where noise is beneficial to the transport efficiency. Using FloquetMagnus expansion extended to Markovian open systems, we analytically derive transport efficiency and compare it to exact numerical results. We find that driving may increase the efficiency at frequencies near the coupling rate. On the contrary, at some other frequencies the transport may be suppressed. We then propose the enhancement mechanism as the ramification of interplay between driving frequency, dissipative, and trapping rates.
I. INTRODUCTION
The properties of quantum systems can be engineered in myriad ways through the application of coherent external driving. This type of quantum engineering is based on Floquet theorem and in the past few years it has gained much interest both in experiment and theory [1] [2] [3] [4] [5] [6] [7] . Particularly, in the field of quantum transport, the efficient transport of optical excitation through a network of coupled many-body quantum systems has been extensively studied in both natural and artificial systems [8] [9] [10] . The role of periodic driving is to modify the many-body system in interest, or as a natural phenomenon that has to be studied. For example, near-resonant periodic driving of many-body quantum systems can be applied to demonstrate full control of the Floquet state population [11] . Given the potential of such Floquet engineering, it has now become one of the tools to realize quantum simulators, which paves the way to understand the complex and inaccessible many-body phenomena [12] .
In the past decade, theoretical approaches has demonstrated the beneficial role of noise in quantum transport [13] [14] [15] [16] , usually in the spirit of delocalized excitons in natural light-harvesting complexes [17] . That is, the existence of noise in the warm and wet environment of photosynthetic complexes is increasing the transport efficiency instead of suppressing it, a phenomenon called environment-assisted quantum transport (ENAQT). It is explained by a model which usually consists of a network of coupled two-state systems (qubits) in a thermal bath. The mechanism of ENAQT is initially understood as a result of the destruction of Anderson localization [13, 14, 18] in a disordered system (having different energies) by dephasing noise. One may think that ENAQT ceases to exist in an ordered system, but it is shown in [16] that the ENAQT is impossible only for end-to-end transport in a linear chain. Thus the aforementioned mechanism is not the whole story. Instead, it should include the interference effects due to the interplay between dephasing, dissipation, and trapping rates.
However, the existence of the long-lived electronic quantum coherence, which is initially thought to be responsible in the delocalized excitonic transport [19, 20] , is disputed in a recent experiment [21] . Nevertheless, ENAQT is evident and has been studied in recent experiments of environment engineering [22, 23] .
In this paper, we extend the qubit network model of ENAQT to contain external driving in the spirit of Floquet engineering. We show that in presence of on-site and off-diagonal periodic driving, the efficiency is enhanced within a range of parameters including the amplitude, frequency, noise, and trapping rates. We refer this phenomenon as driving-assisted open quantum transport (DAOQT). While in another regime, the driving plays a detrimental role of suppressing the efficiency. To this end, we solve the problem analytically to find a general picture by utilizing an extension of the Floquet theorem to open systems in Lindblad picture. To find the transport efficiency, we find the approximate time-dependent Markovian generator using Magnus expansion. The analytical results are compared to exact numerical results.
II. MODELS A. On-Site Driving
We consider a network of N coupled qubit sites that may support excitations and subject to an external driving. First, we consider on-site driving (Fig. 1) . In tightbinding approximation, the Hamiltonian is as follows,
Illustration of the qubit network as a linear chain. All sites are subject to dissipation and dephasing noises. On-site driving is applied to site 1 and off-diagonal driving is applied to all the couplings. Excitation initiates at site 2. The N -th site is irreversibly connected to a trap site.
where σ + k (σ − k ) are the raising (lowering) operators for site k, w k is the site excitation energy, f k (t) is the onsite driving, and v k,l is the hopping rate between the sites k and l whose values determine the topology of the network. Note that we have set = 1. In one-exciton manifold one replaces the lowering operator σ − k → |0 k|, which is a projection operator from |k (an exciton localized at site k) to the vacuum |0 . In this manner, the Hamiltonian reads
In this paper, we consider, assuming a low energy condition, the one-exciton manifold; which is the reasonable case for a range of system such as the light-harvesting complexes [19, 21] . Our model without the driving term is comparable to those in Refs. [13, 16] .
To study the transport efficiency mediated by the Hamiltonian, we introduce environmental effects modeled by two distinct type of Markovian noise processes of Lindblad type [24, 25] : dissipative process at a rate µ k that reduces the exciton population, which is described by the super-operator
where {·, ·} is an anti-commutator, and the populationconserving dephasing process (phase randomization due to vibrational modes of phonon bath) at a rate γ k ,
To calculate the transport efficiency, we connect the site m to a trap site denoted by |N + 1 at a rate κ. The excitation is transfered irreversibly from site m to N + 1, which is also described by a super-operator,
The Hilbert space H is extended to contain the trap and the vacuum states:
Hence, the complete equation of motion iṡ
where i = {diss, deph, trap}. Note that the Liouvillian L is time-dependent. The transport efficiency η is defined as the steady-state population of the trap site,
Likewise, the loss-probability η ′ is the steady state of vacuum population p 0 . The completeness of H demands that η + η ′ = 1 and this may be used to check the consistency of later calculations.
B. Off-Diagonal Driving
The second interesting case is when the coupling rates vary in time. For example, in a network of trapped ions the coupling may be varied by altering the distance between the ions. The Hamiltonian is
The details are the same as in on-site driving case.
Under constant dephasing and dissipative rates and in presence of periodic driving, Eq. (7) leads to a stable equilibrium and the influence of the driving effectively vanishes.
Our study will focus on how a periodic driving field affects the transport efficiency in a linear qubit network. To find out the parameter region in which the driving gives a positive improvement, we analytically calculate the efficiency in case of a localized initial excitation ρ(0) = |i i|. We compare the analytical calculations to exact numerical results in specific parameter values.
III. THE FLOQUET-MAGNUS-MARKOV EXPANSION
To analytically obtain the efficiency η we need to find the steady state solution ρ(∞). In principle, one could do this by calculating ρ(∞) = lim t→∞ e L(t)t ρ(0), but this approach is computationally cumbersome even for a small system. Instead, we solve the following steadystate equation [16] ,
using Gaussian elimination to find η, defined in Eq. (8) .
Here
. This is the situation where ρ(0) is being injected at rate ǫ and it can be viewed as a means to avoid trivial solutions. An intricacy arises because in our case the superoperator L depends explicitly on time and in t → ∞ the value is indefinite in presence of a periodic driving f (t). We then consider the stroboscopic evolution using the Floquet theorem, but in our case it should be extended for open systems described by time-periodic Linblad master equations.
We adopt the method in Ref. [7] , where the propagator V(t, 0) in the evolution ρ(t) = V(t, 0)ρ(0) is written as
where K(t) = V(t, 0)e −LFt is a "kick" superoperator describing the micromotion and L F is a time-independent effective generator describing the stroboscopic dynamics. This method is generally available at high driving frequency. The Floquet Liouvillian L F [7] can be obtained via Magnus expansion [26] . The first three terms are
When calculating η, one is interested in the steadystate solution i.e. t → ∞ so that the micromotion Eq. (11) is negligible, K(t − nT ) ≈ 1. Hence, we can replace L with L F in Eq. (10) . To apply this method, we cast the system Hamiltonian into the following form,
In this paper, we take a periodic driving which reads
which has period of T = 2π/Ω. Using the so-called Floquet-Magnus-Markov (FMM) expansion, we work out the first three leading terms of L F ,
and, after a tedious calculation, the second order is as follows,
and
. It should be noted that Eq. (17) is not in Lindblad form and thus the FMM expansion is in not completely positive (CP). Instead, only the zeroth order is CP and the rest is only approximately CP as one considers finite expansion terms.
IV. RESULTS AND DISCUSSION
In order to obtain results which are not blurred by the network complexity, we consider a short linear chain where N = 3, ν k,l = ν, and equal rates µ and γ on all sites. It is shown in [16] that ENAQT also exists in an ordered system, in contrast to previous studies [13, 14, 18] where it was thought that the ENAQT would only be possible in disordered system due to interplay between Anderson localization [27] and dephasing noise. In fact, in an ordered system, the only case where ENAQT is impossible is in end-to-end transport. To this end, we consider an ordered system in which we renormalize ω k = 0. Here the coupling ν k,l sets our energy scale and we take a common coupling strength, ν = 1. The excitation initiates at site 2, ρ(0) = |2 2|, and the trap is connected to site m = 3.
A. On-Site Driving
We begin with a brief analysis of the transport where the periodic driving is applied equally on all the sites, f k (t) = f (t) as in Eq. (14) . In this case there are no enhancement to η and, in fact, there are no effect to the transport at all. This behavior is expected as there are no energy difference in all t ≥ 0 so that the energies may always be renormalized to zero. Thus, we apply f k (t) only to one site which we choose to be site k = 1.
In the following we will apply the FMM expansion to find η via the infinite-time stroboscopic evolution. To this end, we separate the time-dependence of the Hamiltonian in the form of Eq. (13), where
The solution is by Gaussian elimination of the corresponding linear equations given by Eq. (10) with L = L F (see Appendix A 1). The efficiency η is a rational function of f , γ, µ, κ, and Ω,
with the coefficients A 2n and B 2n in Appendix A 1. The solution without the presence of external driving is obtained by putting f = 0, or taking the limit Ω → ∞ so that in this limit f (t) averages out to zero, that is
where
This expression matches with the results in Refs. [13, 16] . ENAQT is defined as the difference between the maximum efficiency (η 0max ), where the dephasing is optimum, γ opt , and the efficiency without driving (η 0 ) [16] . The existence of γ opt is possible whenever ∂η 0 /∂γ = 0, which occurs dominantly occurs at small µ and κ both in a same order of magnitude up to O(10 −1 ). To understand the role of the driving, we first analyze η at certain values of f and Ω. Figs. 2(a) and 2(c) shows η as a function of µ and κ in N = 3 chain with the trap site at one end, the driven site at the other end, and the initial site in the middle. Several limiting cases can immediately be obtained, regardless of the number of sites: (1) at κ ≪ µ, the excitation is easily lost before it is efficiently trapped, (2) at κ ≫ µ, the dissipator D trap creates a high potential barrier for the particle so that the trapping rate κ is too fast for the excitation to access the trap site (thus suppressing the efficiency), (3) the symmetric triangle-like profile is characteristic for the (µ,κ) log-log plot, at f = 0 (no driving) it is centered at κ = √ 2 (not shown). The efficiency enhancement due to the driving is apparent in Figs. 2(b) and 2(d) where the white area below the solid line indicates η − η 0 < 0 (no enhancement), we refer this enhancement as the DAOQT. At a low frequency, Ω = 2, DAOQT occurs dominantly at κ ≫ µ, filling anti-diagonally the upper left quadrant, while at a higher frequency, Ω = 2, DAOQT fills the lower left quadrant where κ and µ are in the same order of magnitude (thus diagonally). The Ω values are chosen so that they represent the peak and the high-frequency limit in Fig. 3(a) . The enhancement region at high Ω (Fig. 2(d) ) is similar to ENAQT while at low Ω (Fig. 2(d) ) it is the reverse. These two contrasting behavior is actually because at Ω = 5 the triangle-like profile is shifted downward, toward lower κ, with respect to the f = 0 case (not shown), and at Ω = 2 it is shifted upward, toward higher κ. At low Ω, DAOQT allows enhancement at large κ, the regime which is previously not available without driving, but also gives negative enhancement at κ ≪ µ (lower half region in Fig 2(b) ).
In Fig. 3(a) , we compare the efficiency from exact numerical result and FMM expansion. The analytical calculation is accurate at high Ω and captures the local peak around Ω = 2 though not exactly. At small Ω, the FMM does not capture the interesting global peak. Here, we define the maximum DAOQT as
where the corresponding frequency is Ω opt . The Ω → ∞ case is when the driving is averaged out and the efficiency draws back to η 0 . The global peak is even higher than η(Ω = 0), which is the case corresponding to the existence a static disorder at site 1, though this is not always the case in different values of µ and κ. On the other hand, we can observe that the driving does a negative enhancement near Ω = 1. The DAOQT is also interrelated with coherence effects, Fig. 3(b) shows that in low frequencies the coherent evolution, indicated by wiggly lines, in the trap site is suppressed while in fast driving it is retained. In this case, the driving may play a detrimental effect to the coherence. However, this feature does not characterize a driven qubit chain as we will see in the off-diagonal driving the coherence is always there for high and low Ω. The DAOQT region is also shifted in presence of dephasing γ. In Fig. 3(c)-(d) , we compare the enhancement η−η 0 as function of µ in presence of dephasing γ. Here at low Ω, Fig. 3(c) , stronger γ produces a wider enhancement regime and a higher peak. Note that stronger γ also suppresses the negative peak in κ ≪ µ regime and at γ = 1 the negative peak flattens. At higher Ω, Fig. 3(d) , the trend is reversed: higher γ yields lower enhancement.
The underlying mechanism of the on-site DAOQT lies at the formation of periodic dynamic disorder at the driven site. By periodically altering the energy level of that site, one can increase (or decrease) the directivity of the transport by controlling the interference effects at the sites. This depends on the coupling, trapping, and dissipative rates. In general, the maximum enhancement Γ is found to be near Ω = 1. Note that the periodic driving of site energy may yield a higher efficiency enhancement than in case of static disorder. This is because a static disorder cannot provide a dynamical control to alter the interplay between coherence and dissipation. Fig. 4 shows the effect of static disorder strength, Ω = 0 (dashed line), compared to the dynamic ones. At f = O(1), the driven cases (Ω = 2 and Ω = 5) exceed the static one. While at large f , the static disorder case becomes a limiting behavior, and at f > 100 the efficiency stops gaining as the site energy becomes too high for the excitation to enter.
B. Off-Diagonal Driving
We implement a homogeneous driving, f k (t) = f (t), in the form of Eq. (14) to all the site couplings in N = 3 ordered linear chain. The coupling is taken to be ν = 1, the trap site is connected to site 3, and excitation initiates at site 2; same with the on-site driving. The corresponding Hamiltonian in the form of Eq. (13) is
The procedures are the same as in the on-site driving (see Appendix A 2). In the limits of f = 0 or Ω → ∞, we also obtain η 0 as in Eq. (20) . The efficiency for small and large trapping rate κ are shown in Figs. 5(a) and 5(b), respectively. The DAOQT occurs at small κ but ceases to exist at large κ. . Ω = 1.45 is for the global minimum, Ω = 2.791 is for optimal driving, and Ω = 15 is the high frequency limit.
effective regime in which the system is sensitive to an external driving. Frequencies lower than 10 −1 are too slow such that the system responds them as an altered timeindependent coupling, while frequencies higher than 3 are averaged out. In Fig. 5(b) , the trapping is too fast so that at low driving frequencies the excitation is quickly transfered to the trap, resulting no DAOQT in Ω = 10 −1 to 1. However, the local peak at Ω > 1 is still retained.
Figs. 5(c) and 5(d) show the time evolutions corresponding to the small and large κ case, respectively. In contrast to the on-site driving, here the coherence is persistent at all values of Ω. The coherence also play role in the population dynamics. Each of the oscillating pattern the initial site population, ρ 22 in Fig. 6 can be seen a mixture of two frequencies, which originates from the coupling and the external driving.
The DAOQT mechanism is different with the on-site driving since here the static disorder is not present. It is purely an interference effect due to the interplay between the time-periodic coupling rate, trapping rate, and dissipation. Larger efficiency comes with the coherence pattern in Fig. 6 at Ω = 2.791 (corresponds to the global maximum in Fig. 5(a) ), each period starts with a decrease in ρ 22 and followed by a zero-population lag indicating that the excitation is fully transferred to site 1 and site 3. This results a faster trapping than the one with Ω = 1.45 (corresponds to the global minimum in Fig. 5(a) ) where there is a population congestion in each period, which in turn results in less efficient trapping. The high frequency limit can be seen at Ω = 15 where the period is approximately twice as large as the one with Ω = 0 since the driving amplitude is f = 1. However, both cases have an approximately same efficiency due the lack of population lag in each period.
V. CONCLUSIONS
We have discussed the transport characteristics of an exciton in a dissipative qubit network under on-site and off-diagonal periodic drivings. As a clear example, for the on-site driving we have considered a linear ordered chain with N = 3 consisting of an initial site, a driven site and a trap-connected site at opposite sides of the chain. We have shown that external periodic driving may increase the transport efficiency at driving frequencies near the coupling rate. The maximum enhancement of on-site DAOQT occurs at frequencies Ω just below 1. However, at other dissipative and trapping rates (µ and κ) we find that there are no enhancement since the static disorder case has the highest efficiency. On the contrary, at Ω > 1 the efficiency may be suppressed lower than the undriven case.
In general, the characteristics of the transport can be depicted in the triangle-like profile of the efficiency with respect to µ and κ. In the presence of external driving, the triangle shifts toward higher (or lower) κ, opening the regimes which are previously not available for efficient transport. In presence of off-diagonal driving, we found that the DAOQT shows oscillatory pattern in low trapping rates and ceases to exist at high trapping rates.
We proposed the mechanism for both cases. For onsite driving, the efficiency enhancement is due to the formation of periodic dynamic disorder at the driven site. Periodic alteration of energy level controls the interference effect at the sites which in turn may increase or de-crease the directivity of the transport. The interference effect is related to Anderson localization in presence of static disorder (or at Ω = 0). For off-diagonal driving, the population dynamics of initial site shows a mixture of two frequencies, originating from coupling and external driving. Fast trapping (high efficiency) corresponds to zero-population lagged intervals while slower trapping (less efficient) corresponds to population "congestion" in each period.
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